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In this review paper, we examine the changes in the Earth orientation in space and focus on the nutation
(shorter-term periodic variations), which is superimposed on precession (long-term trend on a timescale
of years). We review the nutation modelling involving several coupling mechanisms at the core-mantle
boundary using the Liouville angular momentum equations for a two-layered Earth with a liquid ﬂat ﬂuid for the core with an inertial pressure
tened core. The classical approach considers a Poincare
coupling mechanism at the core-mantle boundary. We examine possible additional coupling mechanisms to explain the observations. In particular, we examine how we can determine the ﬂattening of the
core as well as information on the magnetic ﬁeld and the core ﬂow from the nutation observations. The
precision of the observations is shown to be high enough to increase our understanding on the coupling
mechanisms at the core-mantle boundary.
© 2017 Institute of Seismology, China Earthquake Administration, etc. Production and hosting by Elsevier
B.V. on behalf of KeAi Communications Co., Ltd. This is an open access article under the CC BY-NC-ND
license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction
The relationship between the celestial frame and the terrestrial
frames is complicated by the fact that the rotation and orientation
of the Earth is subject to irregularities. The paper examines developments for improved model of Earth rotation and orientation
at the sub-centimetre level.
The changes in the Earth orientation are caused by the gravitational attraction of the Sun and the Moon on the Earth, as well as
many other factors that are progressively being identiﬁed by geodesists and geophysicists (in particular, the existence of a liquid
core inside the Earth plays an important role). Because the Earth's
shape can approximately be described as an ellipsoid ﬂattened at
its poles, the combined forces acting upon the Earth produce
changes in both the speed of rotation and the orientation of the
spin axis (Fig. 1). The term ‘precession’ describes the long-term
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trend of this latter motion (as seen on a timescale of several
years), while ‘nutation’ is the name given to shorter-term periodic
variations. These are the prime focus of the present paper. The
precession of the Earth in space corresponds to about 50 arc seconds per year and the nutation amplitude is at the level of a few
tens of arc seconds. The rotation axis of the Earth is moving in space
at the speed of 1.5 km/year due to precession and has periodic
variations with amplitudes at the level of 600 m (as seen from space
in a plane tangent to the terrestrial pole). The present observations
allow scientists to measure these at the sub-centimetre level.
Earth rotation changes, precession, and nutation are measured
using VLBI (Very Long Baseline Interferometry), a technique that
employs radio telescopes (Fig. 2) to observe extra-galactic radio
sources such as quasars, which allows us to establish a celestial
reference frame.
This geodetic technique is based on simultaneous recordings of
radio emissions received from extra-galactic radio sources by a
number of radio telescopes (5e20). The radio dish antennas,
ranging from 3 to 100 m in diameter, form part of a worldwide VLBI
network. They are situated at distances of hundreds to many
thousands of kilometres from each other's. Each recording, electronically captured during the observation session, carries also,
along with the radio emission received at the VLBI station, a time
signal from the “station clock”. These clocks are very high accuracy
and stability atomic clocks, such as hydrogen maser clocks. Each
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Fig. 1. Representation of precession and nutation of the Earth.

Fig. 2. VLBI antenna of Shanghai, China.

VLBI observing session lasts typically for a few hours to about 24 h.
Emissions from many different radio sources (typically 100 sources)
are recorded during one such session. The data are put on recording
discs that are shipped, if not directly electronically transmitted, to a
central processing site for analysis. One then evaluates the delay
between the two arrival times of the same signal based on the
expected identity of the temporal variations of the emissions
recorded at two different stations. This determination is done by
using a correlator/processor measuring with a precision at the level
of 10 ps.
The VLBI observations are then compared with a model of the
Earth orientation and rotation. The data have now been cumulated
for over about 30 years. The data were showing large differences
compared to theoretical nutation models at the beginning of the
technique, leading to re-evaluation of the model. At present, they
still show signiﬁcant differences at the centimetre level (1 mas
¥3 cm). Fig. 3 show the differences between the VLBI observations
and the results obtained from applying a theoretical model adopted
by the IAU (International Astronomical Union) in 2000 (nutation)
and 2006 (precession) and by the IUGG (International Union of
Geodesy and Geophysics) in 2003 (see IERS Conventions [1e3]). If
eventually corrected for the free FCN (Free Core Nutation) contribution, these differences are presently at one third of a mas level.

The adopted model depicts the Earth as a deformable object
with a deformable inner core (viscoelastic central part of the Earth
composed of a solid iron alloy), a liquid core (also composed of iron
alloy), a deformable viscoelastic mantle (composed mainly of
olivine and perovskite) (see Fig. 4), as well as oceans and an atmosphere. The adopted theoretical model is almost perfect as seen
from the observed residuals. The gravitational torques exerted by
other solar system bodies on the Earth are the cause of the nutations and can be precisely computed [4e6]. The response of the
Earth to this forcing allows us to constrain interior properties and is
modelled in terms of a transfer function [7e10]. The transfer
function is the ratio between the amplitudes of the circular wobbles
for the non-rigid and rigid Earth models and is independent of the
amplitude of the torque. We may compute these ratios for the
different frequencies of the forcing. The ratios are deﬁned only for
circular motions and are determined solely by the structure and
properties of the non-rigid Earth. Transfer functions are of
considerable utility as the nutations of the rigid Earth have been
studied extensively in the literature [4e6] and highly accurate results are available. Once the transfer function is computed for the
chosen non-rigid Earth model for any frequency of the excitation,
the non-rigid Earth amplitude is simply obtained as the product of
the transfer function with the rigid-Earth response at some chosen
excitation frequency. The rigid Earth amplitudes (for an axially
symmetric ellipsoidal model) depend on the dynamical ellipticity.
A re-scaling according to the true non-hydrostatic dynamical
ellipticity to be used can always be done as well. This computation
ignores the external geophysical ﬂuids and the small contributions
from the oceans and atmosphere [11e15] have to be accounted for
through further reﬁnement of the model (for more detail [16,17]).
The coupling mechanisms at the boundaries between the inner
core, the liquid outer core, and the mantle are not yet understood or
modelled accurately enough to be properly included inside a
complete nutation model. The aim of our paper is to show, with a
simple approach, how to get further insight into the Earth's interior,
by coming up with a new model for nutation considering new
advanced theories involving physical concepts for the non-rigid
Earth that have not been taken into account previously.
The paper revisits the simple two-layer semi-analytical
approach for better understanding and modelling the physical
processes inside the Earth's core associated with Earth nutation
and in particular at the CMB (core-mantle boundary) where uncertainties remain. The existence of a liquid core inside the Earth
and all the coupling mechanisms at the core-mantle boundary
play indeed an important role in nutation amplitudes. A mundane
demonstration of the inﬂuence of the physical state of the interior
on the rotation is that raw (liquid) and cooked (solid) eggs rotate
differently. For the Earth, the identiﬁed mechanisms considered in
the previous nutation model involve the ﬂattening of the core and
the ﬂuid pressure and gravitational effect on that ﬂattened
boundary (see Ref. [18]) as well as a simple dipole and uniform
magnetic ﬁeld effect [10,19e21], because of their role in transferring angular momentum from the core to the mantle. By now
we have understood that there are important roles from other
components of the magnetic ﬁeld [22e29], and possibly from the
viscosity of the inner core [30e37], from the viscosity of the outer
core [27e29], or from the core stratiﬁcation [38e42] could have
signiﬁcant contributions to nutation, and that topography at the
core-mantle boundary at the kilometre level plays an important
role as well [43e45]. Seismic tomographic data have indeed
pointed out the existence of valleys and mountains at the interface
between the liquid core and the viscous deformable mantle down
at about 2900 km below the surface. We also point out that the
inertial waves associated with the topography at the core-mantle
boundary may interact with the core ﬂow produced by
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Fig. 3. Residuals in milliarc second (mas) with respect to the present-day used model of the position (X, Y) of the pole in space (from IERS Earth Orientation Center website http://
hpiers.obspm.fr/eop-pc/).

2. Simple Liouville equations for nutation and wobble
In the simplest approach, the Earth nutation can be computed
from the convolution (corresponding to a product in the frequency
domain) between a rigid-Earth nutation forcing at different frequencies and a transfer function for its response to this forcing at
the same frequencies, as explained in the introduction. Due to the
kinematic relations connecting nutation and wobble, the respective
transfer functions and the nutation computations are identical.
Note ﬁrst that the existence of a circular nutation is associated with
every circular (retrograde diurnal) wobble and vice versa; the frequency of the nutation (sn ; using the subscript n here for nutation)
is algebraically greater than that of the associated wobble frequency (uw , using the subscript w here for wobble)by 1 cpsd (cycle
per sidereal day) U0 , the uniform Earth rotation.

sn ¼ uw þ U0
Fig. 4. Interior of the Earth as used for nutation computation.

nutations, and may thus induce resonance and out-of-phase
(“dissipation”) effects not taken into account yet in the presentday adopted models. In particular, we are presently working (in
the frame of an ERC Grant called RotaNut for “Rotation and
Nutation of a wobbly Earth”) on the demonstration of the existence of shear layers that are building up in the ﬂuid due to a
perturbation of the Ekman boundary layer caused by topography
at the CMB or any other phenomena.
While a detailed understanding of these coupling mechanisms
could only come out from a fully-ﬂeshed model, there is still some
insight to be obtained by using deformation equation approach
[17,46e63] or a simple semi-analytical approaches (see
Refs. [64e68], or more recently [7e10,27,28]). The paper addresses
this last approach in the frame of what we can learn from presentday observations. While the forcing is well known, the response of
the Earth still needs further investigation in order to understand
the next decimal place of the nutations. In particular, one of the
latest developments were identiﬁed to be related to the existence
of rotation dynamics in the liquid core inside the Earth. In that
frame, working with a simpliﬁed Earth helps to better explain the
role of the core in the future models.

(1)

This important general relation is simply a consequence of the
Earth's diurnal rotation in space.
For a circular nutation X þ iY or h of frequency sn, we have:

X þ iY ¼ h ¼ hðsn Þeiðsn tþcn Þ

(2)

where hðun Þ is the nutation amplitude and cn the nutation phase.
The wobble m can be written in the same form:

m ¼ mðuw Þeiðuw tþcw Þ

(3)

where mðuw Þ is the wobble amplitude and cw the wobble phase.
Introducing the Euler angles, one can relate a body-ﬁxed reference frame to an inertial reference frame. The time derivatives of
the Euler angles represent combinations of rotations of the three
body-ﬁxed axes with respect to the inertial frame and are related to
the rotation of the planet and its precession and nutation. The
relation between the components (in the body-ﬁxed reference
frame) of the rotation vector and the time derivatives (in inertial
space) of the Euler angles is given by the Euler kinematic equations
(see Refs. [17,67] for instance). Because the ﬁgure axis is deﬁned in
terms of the moment of inertia or equivalently of the internal
planetary mass elements and because these mass elements are
rotating about the rotation axis, a variation in this rotation axis with
respect to an inertial reference frame also leads to an identical
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variation in the ﬁgure axis with respect to the inertial reference
frame. In addition, any periodic variation (nutation) in the orientation of the rotation or ﬁgure axis in space is accompanied by
aperiodic variation of the rotation axis with respect to the ﬁgure
axis (polar motion or wobble, m), and vice versa. During a wobble,
both the ﬁgure and the rotation axes have to change their orientation in inertial space (otherwise, the planet's spin angular momentum cannot be conserved). Mathematically, from the ﬁrst two
Euler kinematic equations (see Refs. [17,67] for instance), we
obtain:

hðsn Þ ¼

U0
mðuw Þ
sn

mNR ðuw Þ
mR ðuw Þ

(5)

hNR ðsn Þ
hR ðsn Þ

(6)

hNR ðsn Þ
m ðuw Þ
¼ Tw ¼ NR
mR ðuw Þ
hR ðsn Þ

(7)

Or equivalently,

hNR ðsn Þ ¼ Tn hR ðsn Þ ¼ Tw hR ðsn Þ

(8)

which allows us to compute the non-rigid Earth nutation from the
rigid-Earth nutation and the wobble transfer function.
The wobbles are described by the Liouville equations expressing
the angular momentum conservation in a uniformly rotating frame.
For the simpliﬁed case of an elastic Earth with a liquid core and
considering that the wobble frequency is near 1 cpsd, one obtains,
in diurnal approximation, the momentum conservation of the
global Earth:

U0 m þ

Af
iG
uw mf ¼ 2
A
U0 A

(9)



U0 m þ b  af U0 mf ¼ 0


Am 
b  af
A

iG

U20 Am

1þ

(12)

Af
A

ðU0 þ uFCN Þ
uw  uFCN

!
¼

iG

U20 Am

1þ

Af
A sFCN

!

s  sFCN
(13)

Um
s
A FCN

mf ¼ A

(14)

f

where we see that there is a resonance effect in the wobble induced
by the FCN and that the core wobble is much larger than the mantle
wobble.

The previous solutions for the wobbles are solutions for a ﬂattened Earth with inertial pressure on the ﬂattened core-mantle
boundary and gravitational effects between the core and the
mantle. In reality, there are other coupling mechanisms and dissipation at the core-mantle boundary related to the existence of
viscosity, electromagnetic ﬁled, and topography in addition to the
hydrostatic ﬂattening.
This adds a coupling torque Gtorque
CMB at the core-mantle boundary.
The Liouville equation for the global Earth is the same as previously
but the equation for the core is then different:

U0 m þ

Af
iG
uw m f ¼ 2
A
U0 A

(10)

 ﬂuid. af is the core
which represents the equation for the Poincare
dynamical ﬂattening and b is the so-called compliance accounting
for the deformation of the Earth at the core-mantle boundary.
The retrograde diurnal free wobble, uFCN ,corresponding to the
Free Core Nutation (FCN, sFCN ) is then provided solving the above
equation for uw considering G ¼ 0:

(15)




iGtorque  Re
Im
mf
m þ b  af mf ¼ CMB
¼ KCMB þ iKCMB
2
U0 Af

(16)

torque

Re þ iK Im Þm , expresses the fact that
where GCMB ¼ iU2 Af ðKCMB
f
CMB
the torque depends on the differential rotation between the core
Re is the real part of the coupling constant,
and the mantle, mf . KCMB
Im is the imaginary part.
and KCMB
The normal mode is similar in this case than in the nondissipative case presented in the previous section, except for the
existence of the coupling constant:



where A, Am and Af are the global Earth, mantle, and core moments
of inertia respectively (with A ¼ Af þ Am ), where mf is the core
wobble, and G the gravitational torque acting on the Earth.
Similarly, the angular momentum conservation of the core is



(11)

3. Liouville equations for an elastic Earth with a liquid core
highly coupled with the mantle in diurnal approximation

The frequency domain version of the kinematical relation
[17,67] are valid for any type of Earth model, rigid or non-rigid. We
have then:

Tn ¼


Am 
b  af ¼ U0 þ sFCN
A

The solutions of the Liouville equations for an elastic Earth with
a liquid core in diurnal approximation provide expressions for the
wobble of the global Earth and the core:

m¼

We have similarly for the nutation transfer function:

Tn ¼

sFCN ¼ U0

(4)

Consider now two Earth models, one rigid and the other nonrigid, both of which are forced by the same torque. Let the wobbles of the rigid (R) and non-rigid (NR) Earth models be mR ðuw Þ and
mNR ðuw Þ, respectively. The transfer function may be taken from
their ratio:

Tw ¼



uFCN ¼ U0 1 þ

uFCN ¼ U0 1 þ
sFCN ¼ U0



A 
Re
Im
b  af  KCMB
þ iKCMB
Am


(17)



A 
Re
Im
b  af  KCMB
þ iKCMB
Am

(18)

The solutions of the Liouville equations take exactly the same
expressions as before:

m¼

iG

U20 Am

1þ

Af
A

ðU0 þ uFCN Þ
uw  uFCN

!
¼

iG

U20 Am

1þ

Af
A sFCN

!

s  sFCN
(19)
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Um
f
A sFCN

mf ¼ A

(20)

but with sFCN given above, involving the coupling constant
Re þ iK Im . It must be noted that when the hydrostatic equilibKCMB
CMB
rium of the Earth is abandoned, the dynamical ﬂattening af has a
non-hydrostatic contribution:
nonhydr
af ¼ ahydr
þ af
f

(21)

The total torque Gtorque
CMB involves a combination of a topographic
torque (the result of the applied pressure from the core on a nonspherical boundary), a viscous torque (coming from the drag
exerted by the viscous ﬂuid at the CMB), and an electromagnetic
torque (arising from the stretch of the magnetic ﬁeld lines by the
core motion) so that the coupling constant is the sum of these
effects:
Re
Im
KCMB
þ iKCMB



Re
Im
¼ KCMB
þ iKCMB
electromag




Re
Im
Re
Im
þ KCMB þ iKCMB
þ KCMB
þ iKCMB
viscous

topo

(22)
For the electromagnetic part, using the weak ﬁeld approximaRe Þ
tion, it is possible to linearly relate the ðKCMB
electromag and
Im
ðKCMB Þelectromag , as done in Ref. [7]. In that case, the two constants
are very close to one another. As shown in Ref. [33], the viscous
coupling must be very small. If the topographic coupling is
neglected, the amplitude of the magnetic ﬁeld that is needed to
explain the observed imaginary part of the coupling constant must
be very high. However, this situation has recently been challenged
[43,45]. The third coupling mechanism, proportional to
Re þ iK Im Þ
ðKCMB
CMB topo , is mainly related to core ﬂow acting on the CMB
topography. It is reasonable to think that we have a kind of symmetry in this torque as well, except if there would be an anomalistic
antisymmetric CMB topography (a particularly large bump). In
general, it is reasonable to think that the topographic torque plays a
role in the coupling between the core and the mantle and that its
real and imaginary parts remain of the same order of magnitude as
for electromagnetic coupling mechanism. The topographic torque
depends on the topography itself, which is difﬁcult to evaluate
precisely. If the topographic torque would be small, it remains
possible but highly speculative that the magnetic ﬁeld would be
very large. Wu and Wahr (1997) [45] have evaluated the topographic torque to be of the same order as the electromagnetic
torque.
Other “dissipation” mechanisms can be considered in addition.
These can be found in examining the dynamics of the liquid core
more carefully. Inertial waves and associated shear layers induced
by the ﬂuid in the core or at the core-mantle boundary is one of the
mechanisms that we suspect to be the most efﬁcient. Although the
viscous dissipation associated with these layers decreases with the
Ekman number, the Ohmic dissipation increases in these localized
shear ﬂow regions. The presence of inertial waves can then inﬂuence dramatically the ﬂow dynamics, particularly at the extremely
low Ekman numbers associated with the Earth and other planetary
cores. This is the main objective of our present research.
4. Comparison with observations
By ﬁtting the nutation model to recent VLBI observations, Zhu
et al. [69] (this issue, see as well Refs. [27,33,70e72]) have obtained
several values for the Earth parameters, as it was done previously
[15,27e29,32]. In particular, they have determined the value of the
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Re þ iK Im ¼ 0:002676 þ i0:000019.
combination af þ KCMB
This
CMB
combination appears directly in the FCN frequency determined
from the forced nutation observations. Neglecting as usual the
viscous torque, if one considers, as classically considered in the case
Re ziK Im
of electromagnetic coupling, that KCMB
CMB (the real and
imaginary parts of the topographic torque can be considered of the
same order of magnitude as well), this leads to
Re ¼ 0:002657. Considering that the hydrostatic value of
af þ KCMB
hydr
the dynamical ﬂattening af
is 0.002548 (as computed from a
rotating Earth with internal properties determined from seisnonhydr
mology), this leaves us with af
¼ 0:000109 for the nonhydrostatic contribution, which corresponds to an increase of the
equatorial radius of about 370 m.

5. Conclusion and perspectives
We have presented a simple introduction to nutation modelling,
using the Liouville angular momentum conservation equations for
a two-layer Earth with a liquid core. This classical approach con ﬂuid for the core with an
siders, as a ﬁrst approximation, a Poincare
inertial pressure coupling mechanism at the core-mantle boundary.
Additional coupling mechanisms are superimposed and modelled
in terms of coupling constants. These coupling constants are the
basic Earth parameters that enter in the Earth transfer function for
nutations and that are thus determined from the recent VLBI
observation series. Nutation amplitudes are mostly dictated by the
frequency and damping of the FCN (and FICN extend). The other
two rotational eigen frequencies, the Chandler wobble and the
Inner Core Wobble frequencies, have small impact on nutation and
are essentially independent of the coupling strengths at the core
boundaries and so are the corresponding resonance coefﬁcients.
Sufﬁce it to say that one may expect the amplitudes of nutations
with frequencies close to the FCN (or the FICN) eigen frequency to
be affected most by the introduction of the coupling strengths
Re þ iK Im (and K Re þ iK Im ). The ﬁnding of Mathews et al. [10]
KCMB
CMB
ICB
ICB
and conﬁrmed by Zhu et al. [69] (this issue)is that the contributions from the CMB and ICB couplings to the real (in-phase) and
imaginary (out-of-phase) parts of the retrograde annual and
retrograde 18.6 year nutation amplitudes are all quite signiﬁcant, of
the order of 0.5 mas. We found that, if the imaginary part and the
real part of the sum of the electromagnetic torque and the topographic torque are of the same order of magnitude, the increase of
the equatorial radius of the core is at the level of 370 m. This is the
most signiﬁcant result of this paper.
Furthermore, recent estimates of the coupling constants suggest
that topographic coupling may, in addition to electromagnetic
coupling, explain the observed “dissipation” reﬂected in the
coupling constant at the core-mantle boundary.
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